Introduction. In topology, one can define in several ways the Chern class of a vector bundle over a certain topological space (Chern [2] , Hirzebruch [7] , Milnor [9] , Steenrod [15] ). In algebraic geometry, Grothendieck has defined the Chern class of a vector bundle over a non-singular variety. Furthermore, in the case of differentiable vector bundles, one knows that the set of differentiable cross-sections to a bundle forms a finitely generated projective module over the ring of differentiable functions on the base manifold. This gives a one to one correspondence between the set of vector bundles and the set of f.g.-projective modules (Milnor [10] ). Applying Grauert's theorems (Grauert [5] ), one can prove that the same statement holds for holomorphic vector bundles over a Stein manifold.
2>
The purpose of the present paper is to give the Chern class of a f.g. projective module as an element of the de Rham cohomology of the ring. Thus we establish a completely algebraic treatment of the above cases. Our method of defining the Chern class is the same as that used in differential geometry thus we obtain a differential geometric approach to the study of projective modules.
In Section 1, we introduce the notion of the trace and its symmetrized form on a finitely generated projective module. For each finitely generated projective module v with constant rank, we construct an exact sequence:
where D(R) is the set of derivations of the ring R and N(v) is the set of differential operators. This sequence will play a fundamental role in this paper in achieving a differential-geometric approach to the study of projective modules. Section 3, Section 4 and Section 5 are devoted to a study of the de Rham cohomology of certain types of Lie d-algebras (Palais [13] ). Since we deal with projective modules over an arbitrary commutative ring, special types of multiplications on alternating forms are needed to avoid the use of divistion.
We have omitted the details of several proofs. In general the calculations are similar to those found in differential geometry.
Section 5 contains the basic notion of connections in projective modules.
In Section β we define the Chern class using the curvature form of a connection, and prove the product formula, which is the characteristic property of Chern classes. In our definition, the Chern class depends on a connection, but the independence of such a connection is proved in Section 7, thereby reducing the problem to the case where the module is free.
We would like to remark here: if the ring contains rational numbers, then the independence of characteristic classes on connections can be proved in a way analogous to the differential geometric proof given by Weil (Chern [2] , Kobayashi and Nomizu [8] ).
The author gratefully acknowledges that the present work was motivated by the suggestion of the late Professor A. Shapiro.
Section 1. Projective modules and endomorphisms
Let R be a commutative ring with a unit. An /^-module v is called projective It is well known that an i?-module v is a finitely generated projective module if and only if it is a direct summand of a finitely generated i?-free module (cf.
Cartan-Eilenberg [1]).
From this we see, 
L(v) is a Lie algebra over R by [/, gl = f g-g f for /, gεL(v).
Let v be a f.g.-projective module over R. We shall define the trace for any element / in L{v). iii) Given an exact sequence 0-»z;i->z>->#2-»0 of f.g.-projective modules over We shall define a symmetric fi-form P n on L(v) for any f.g.-projective
where a runs through all permutations of ^-letters.
One can see that this For a free module, the cardinality of a base is called its rank. We know that every f.g.-projective module over a local ring (not necessarily Noetherian)
is free (cf. Northcott [12] Proof. Let / be the kernel of j. One can see that the ideal / satisfies: I®Rp = 0 for any prime ideal p of R. Thus we have /= 0 (see Northcott [12] ).
Hereafter we shall identify R with the image of j in L(v) if υ has a constant rank.
Let k and R be commutative rings. R is called a k-algebra if a ring homomorphism of k into R is given which maps the unit in k to the unit in R.
Thus any ring is a Z-algebra.
Let R be a ^-algebra. A β-endomorphism X of R as a ^-module is called 
For any a^Nk(R), set
X=a-cc(l) 9 where a(l) stands for the mapping of R multiplying the element α(l) in R. 
One can check easily XtΞDk(R). Thus we see
iii) The mapping β maps Nk(v) where Λ n is taken over the ring R. Set
in the case where L is just R or where L is a Lie algebra over R.
Let Q be a finite set. We denote the group of all permutations of Q by Proof. First note that the value sign(/>) A(p{a u ...,#«)) does not depend on the choice of representative p of a coset because of the assumption.
Let q be in G(n). We have a n )) q(au . . . , a n )) where p runs through the cosets, p q runs through the cosets. Thus Proof.
where ^ runs through the cosets of Gin) modulo #((1, . . . , k + I) ( , . . . ,
where q runs through the cosets of 
i.e. ί β is a derivation of order -1.
The proof is just a direct verification from definitions. By definition, A n is an ^/-forrn defined by
where ^ runs through the cosets of G(l, . . . , w/) modulo fl"((l, . . . , A), (/+1, ...,2/) ( , . . . ,*/)).
By Lemma 1, we see easily that A n is skew-symmetric.
Suppose A and B are in A Z (M, R) where / is positive and even. We have :
They can be verified easily.
. Let M be an i?-module, and L be a Lie algebra over i?
where p runs through the cosets of G(l, . . . , & + /) modulo £Γ((1, . . . , k) (* + l, . . . ,* + /)).
We have:
where w = deg. A x deg. J5. e) Ά. Let M be an i?-module and I be a Lie algebra over R.
where p runs through the cosets of G(l, . . . ,2w) modulo H((l, ...,«),
Later we shall need Ά just for 1-form A.
Let A be in A n (M, L) with odd degree.
We have: 
. , k\) l
Now suppose that P is symmetric. We define a new form P(
where p runs through the cosets of G(l, . . . , w.^) modulo H((l, . . . , #),
.).
Since P is symmetric and A is of even degree, P(A n ) is well defined by J is well defined and gives and gives an P-homomorphism. It is known that if M is a f.g.-projective module with constant rank, then / is an isomorphism.
One can see that the multiplicationΛ in A(M, R) is compatible with that in
Thus if M is a f.g.-projective module with constant rank, then our Leter, we shall consider a representation of M only on f.g.-projective modules with constant rank.
Example 3. Let υ be a f.g.-projective /^-module with constant rank, and
consider a mapping of L(v) into itself defined by
In We have:
The proofs are not so hard and can be found in Palais [13] , NijenhuisFroelicher [4] . Lemma 2 follows from the definition of d using Lemma 1.
Coboundary operator d. Let
Proof of Lemma 3. By induction on degree of forms. Suppose A is in
Suppose it is true on forms with less degree than n. (M, v) this is equal to, by our assumption of induction, We say an /^-linear form P:
for any f u . . . ,/" and g in L.
As we have shown in Section 1, the symmetric form P n defined in Section 1 is Z,(#)-invariant. where Σ fit = n, and deg. At is even.
LEMMA 4. Suppose P is an L-inariant symmetric n-form on L. Then, for any 1-form B in A 1 (M f L) and for any 2-form A in A 2 (M, L), we have P(A\ IA,B1, (B) ι )=0
where k + / + 1 = n. In particular, we have
Lemma 4 is a direct consequence of Lemma 3 together with the fact the which is zero since P is symmetric and L-invariant.
Definition, An i?-linear map P:L® (g>L->/?is called M-inariant with respect to the representation ί if
for any aεM> and for any /i, ...,/« in I,.
Let be a f.g.-projective module with constant rank. Then Nkiv) has a canonical representation on L{v) (see Example 3 in Section 3). PROPOSITION 
The symmetric form P n on L{v) defined in Section 1 is N(v)-inariant.
Proof. First assume that υ is free with a base e lt . . . , e n We have (6) where π denotes the projection of v~t-υ f to v. Suppose that P is an M-invariant symmetric #-form on L with respect to t. The proofs are similar to those of Lemma 2.
Proof. Let c be an element in N(υ + υ') such that θ(c) =θ{d). Set
b f = π c π-h (l-π) c (l-π).
Section 5. Connections in projective modules
Let R be a ^-algebra, υ a f.g.-projective module over R with constant rank.
By Proposition 1 in Section 1, we have the exact sequence
A is a homomorphism of iv?-modules.
ii) 6 Δ is the identity mapping on Dk(R).
Defining the connection in this way originates with Nomizu [11] in differential geometry for tangent bundles. 
ω is called the connection form of Δ.
Conversely, suppose that such an ω satisfying i) and ii) is given. We see for «j, . . . , a n in Nk(v).
We define a form A in A n (Nk(v) y w) to be basic if A satisfies:
A(a u . . . , tf rt ) =0 whenever some «/ is in L(v).
Because of the exactness of 0->L(υ)-*Nk(v)->Dk(R)->0
, one sees that a basic form in A n (Nkiv), w) comes from a certain form in A n (Dk(R), w). 9 we define the covariant derivative DA with respect to a given connection by DA = h'dA, i.e.
LEMMA 1. A form A in A n (Nk(v), w) is basic if and only if h'A = A. Proof It is obvious that if
h'A = A, then A is basic, since h(L(υ)) = 0.
Definition. For any form
(DA)(ai, . . . , a n +i) = (dA)(ha u . . . , ha n +i) for βi, . . . , tfn+i in iVΆ(t ).
Definition. For a given connection J, the curvature form K of J is defined
where ω is the connection form of Δ.
(iVjfe(z;), £(«;)).
LEMMA 2. For tfwy X, Y in Dk(R) t we have K(ΔX, ΔY) = J(ίX, Yl) -ZJX, ΔΫ\
Proof.
where we have used the fact that θ is a homomorphism of Lie algebras and
Note that Lemma 2 explains the role of the curvature form, i.e. K measures the depature from being a homomorphism of Lie algebras.
When the curvature form K is zero, the connection is called locally trivial.
Since h f h' = h f t the covariant derivative of any form is basic by Lemma 2.
Example. When υ is free the trivial connection with respect to a certain base gives K=0.
If the structure group of a differentiate vector bundle is reduced to a discrete subgroup, then it has a locally trivial connection in the sense of dif- 
Proof of i) in Lemma 3. Suppose a, b in Nk{v) are horizontal.
Thus we have i) for horizontal a, b. Next suppose a is horizontal and b is in L{v).
Suppose a and ft are in L{υ). We have
Since Nk(v) is generated by L(z ) and horizontal elements, we have i) for any a> ft.
Proof of i) in Lemma 4. Let a u --, tfn+i be horizontal in Nk(v).
Wehave since [_a u cij~] is in L{v) and A is basic. This proves i).
Proof of it) in Lemma 3.
Since K is basic, we can apply i) of Lemma 4
We have
Since In differential geometry, the notion of reductions is very much related with the curvature forms.
Section 6. Chern classes and the product formula
Let v be a f.g.-projective module over R with constant rank, and R a k- We shall start by giving a few relations among those cochain groups.
We denote by
) the set of all basic forms in is in H 2n {R).
We define Coiv) = 1, where 1 denotes the class determined by 1
in A\D(R), R) ~ R, which is a cocycle. Set
where the sum is just a formal sum. civ) will be called the Chern class of v.
Remark. If DiR) is finitely generated over R, then one sees that H n iR) = 0 for every sufficiently large n since Λ n DiR) -0 if n is greater than the number of generators of DiR). Hence in this case civ) can be defined to be an element in H*iR).
Later we shall prove that the Chern class civ) does not depend on the choice of connections.
The product formula: Let Vi and v 2 be f.g.-projective R-modules with constant rank. We have
i.e.
t\C n -kiv 2 ).
In this section, we shall prove the product formula for a suitable connection in Vi + v 2 , which will be determined by connections in vi and in v 2 . Using this result, we shall prove in the next section, that the Chern class does not depend on the choice of connection. It will complete the proof of the product formula.
Proof. Let Δi be any connection in Vi, ω; the connection form and ϋΓ, the curvature form it = 1,2), We define a connection Δ in V\ + v% as follows. For 
Section 7. Invariance of Chern classes
We shall prove in this section that Chern classes of projective modules are independent of the choice of connections. The problem will be reduced step by step.
A Repeating this, we get c n (υ, Δι) =c n (v, Δ 2 ).
Q.E.D.
Hereafter we assume that υ is a free module with a fixed base e h . . . , e n .
L(v) is also free with the base {Eij} where Eijβk = djkei. We have a represen- 
Consider the form A in A'(D(R), L(υ)), defined by

A(X)=B(JX).
A is basic, and we have Θ'A=^B, ψB = A (see Lemmas 2 and 3 in Section 6).
It can be easily shown that iii) For A = ΣAikEtk, we have
This follows from a direct verification. LEMMA 
Let A^^AijEij, B = ^BijEij be 2-forms in A 2 (D(R), L(v)).
We have Proof. We may assume k-\-l -n. We omit 0/s in /, # since they are 
